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Measures of bargaining power

Voting in bodies matters in many contexts (boards of directors,
shareholders’ meetings, parliaments, United Nations...)

Formally, voting can be viewed as an instance of simple
splitting-the-pie cooperative game

Theoretical models of voting power — both classical (Shapley and
Shubik, 1954; Banzhaf, 1965) and more recent (Aleskerov, 2006)
are based on the calculations of values in such games

Experimental evidence (Montero, Sefton, Zhang, 2008; Aleskerov,
Belianin, Pogorelskiy, 2009) gives only partial support to this
approach: specifically, real subjects tend to concentrate on minimal
coalitions and choose some specific allocaions among many possible
ones.

Existing solution concepts (Shapley, 1953; Aumann and Maschler,
1965; Schmeilder, 1969; Myerson, 1977) tend to neglect this
property of the bargaining process.

How can the process of bargaining be described theoretically, and
how can its outcome be predicted?
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Main issues

How to measure voting power in multilateral bargaining

What changes if parties in bagraining have non-uniform preferences

Can the outcome of the bargaining process be predicted?

What are the strategic incentives of players in this process?

What kind of theoretical concepts can be used to explain the
bargaining outcome, given the evidence about bargaining process?
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Voting power: main notions

N — set of agents (players), |N| = n, with generic player i

wi > 0 — number of votes i possesses

q — quota (minimum number of votes for a bill to pass)

Coalition S ⊆ 2N is winning iff
∑

i∈S wi ≥ q
(denote |S | = s and let W be the set of all winning coalitions)

v(S) — payoff to the coalition S . Let v(S) = 1 iff
S ∈W ; v(S) = 0 iff S 6∈W

Player i 6∈ S is pivotal for the coalition S iff S is losing, while
S ∪ {i} is not (thus, i is decisive)
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Classical power indices

Banzhaf (1965): βi =
∑

S⊆N\{i}(v(S)−v(S∪{i}))∑N
j=1

∑
S⊆N\{j}(v(S)−v(S∪{j}))

This is a share of player i ’s decisiveness in the total decisiveness.

Shapley-Shubik (1954):

φi =
∑

S⊆N\{i}
|S|!(N−|S|−1)!

N! (v(S)− v(S ∪ {i})).

This is the share of permutations of all coalitions S in which player i
is pivotal in the total number of permutations, i.e. the Shapley
value for the cooperative voting game.
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Preference-based power indices

(Aleskerov, 2006). Assume we know the preference profile of each player
i about coalescing with any other player: Pi = (pi1, ..., pin).

Let pij be (ordinal or cardinal) measure of, or explicit modifiers of player
i ’s preferences towards coalescing player j .

Let fi (S) : ×j∈SPj → R be the intensity of connections of player i with
other members of the winning coalition S she is part of.

Let χi =
∑

S⊆N\{i} fi (S) (v(S)− v(S ∪ {i})) be the sum of intensities of

connection of player i over all the winning coalitions in which she is
pivotal.

Similarly to the Banzhaf index, let

αi =
∑

S⊆N\{i} fi (S)(v(S)−v(S∪{i}))∑N
j=1

∑
S⊆N\{j} fj (S)(v(S)−v(S∪{i}))

= χi∑N
j=1 χj
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Power indices with preferences

Particular forms of the intensity of connections functions include

f ×i (S) =
∏

j∈S\{i} pij — multiplicative intensity of i ’s preferences.

f ÷i (S) =
∏

j∈S\{i} pji — dual multiplicative intensity.

... and many others.

Fuad Aleskerov, Alexis Belianin, Kirill Pogorelskiy Power and preferences: an experimental approach
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Experimental design (Montero, Sefton, Zhang, Soc Choice
Welfare, 2008)

Unstructured bargaining game in groups of 3 or 4 players (12 or 16
participants per session).

In each round of each game the players of a group decide on how to
divide 120 points among them. Each player can post at most one
offer at a time, and can vote for any offer on the board.

The first offer to meet the quota is accepted, and the players receive
the corresponding number of points unless they fail to come to an
agreement within 300 seconds, in which case all receive 0 points.

All players are randomly rematched from round to round.

Fuad Aleskerov, Alexis Belianin, Kirill Pogorelskiy Power and preferences: an experimental approach
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Features of our experiment (Aleskerov, Belianin,
Pogorelskiy, 2009)

2 games are played in each experimental session in randomized
block order.

With or without preferences (explicit modifiers).

All games were played at HSE campus during October 2008 - May
2009, using specially developed experimental software.

Participants - 136 students at various department, gender
composition 50-50, average age 19.1 years.

Gains of participants in 10-round games: average 7.62 EUR,
minimum — 3.81 EUR, maximum — 13.68 EUR; gains in 20-round
games: average 10.65 EUR, minimum 5.38 EUR, maximum 16.81
EUR per 1- to 1.5-hour session.

Fuad Aleskerov, Alexis Belianin, Kirill Pogorelskiy Power and preferences: an experimental approach
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Screenshot of a typical game Standard (S)

Fuad Aleskerov, Alexis Belianin, Kirill Pogorelskiy Power and preferences: an experimental approach



Outline Motivation Voting power Experiment Regularities Theoretical framework Further directions References

Games S–1 (Standard) [4; 3, 2, 2]

Game S: quota is 4 votes

player# 1 2 3
votes 3 2 2

Winning coalitions: W = {{1, 2}, {1, 3}, {2, 3}, {1, 2, 3}}.
Banzhaf (and Shapley-Shubik) index: β1 = β2 = β3 = 1/3, predicting
that all players get around 40 pts each. Game 1 uses the following
explicit modifiers:

1 2 3
1 - 1 1
2 1 - 1.01
3 1 1 -

α indices based on the f ÷ intensity function:
α1 = α2 = 0.3328, α3 = 0.3344

Fuad Aleskerov, Alexis Belianin, Kirill Pogorelskiy Power and preferences: an experimental approach
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The S-1 games

Average contributions by periods, S-1 games
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The S-1 games

Player 3 on average receives systematically more in the 1–treatment
(43.85) than in S–treatment (35.84), which difference is significant.
Hence explicit modifiers work for player 3: ’being loved is better
than love’.

There are no treatment effects for players 1 and 2, but ...

Player 2 receives systematically more than either of the other
players in the S-treatment (46.5 vs. 35.84 or 37.66), the difference
being significant.

Same effect as in MSZ, who attribute it to ‘framing effect’
We attribute it to the position of player 2 in the middle of the
table on the screen: player 2 has two neighbours (1 and 3),
whereas the other two players — just one (player 2).

player# 1 2 3
votes 3 2 2

proposed shares x y z

Effects in an implicit modifier to player 2’s payoff.

Fuad Aleskerov, Alexis Belianin, Kirill Pogorelskiy Power and preferences: an experimental approach
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Way out: symmetric positioning

In SC-1C games, each player is shown in the middle of the table in a
systematic (clockwise) rotation.

The difference between player 2 and the others in S-games is
mitigated to (40.50 vs. 39.40 or 40.06), and becomes insignificant

We conjecture that the effect of implicit modifier is to
completely disappear in a fully symmetric treatment.

Explicit modifiers’ effect persists for player 3, although to a
somewhat smaller extent and over the last rounds.

Average number of offers in games S (1) — 2.13 (resp., 2.42).

Average time per round in games S (1) — 30 (resp., 37) seconds.

Fuad Aleskerov, Alexis Belianin, Kirill Pogorelskiy Power and preferences: an experimental approach
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Results: SC–games

Average contributions by periods, SC-1C games
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Summary of the S-1 games

All (N = 320) mean s.d. min max
player 1 35.36 29.04 0 80
player 2 44.53 24.42 0 100
player 3 40.1 27.56 0 111
Game S
player 1 37.40 29.44 0 80
player 2 46.25 23.89 0 100
player 3 36.34 28.05 0 110
Game 1
player 1 33.32 28.57 0 80
player 2 42.81 24.91 0 99
player 3 43.85 26.62 0 111

No significant difference in payoffs for players 1 and 2.

Significant difference for player 3 at 1-2% confidence level.

Centered treatment suppresses implicit modifiers.

Fuad Aleskerov, Alexis Belianin, Kirill Pogorelskiy Power and preferences: an experimental approach
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Games V–2 (Veto)

Game V: quota is 5 votes

player# 1 2 3
votes 3 2 2

Winning coalitions W = {{1, 2}, {1, 3}, {1, 2, 3}}.
Banzhaf: β1 = 3/5, β2 = β3 = 1/5, shares [72, 24, 24].
Shapley-Shubik: σ1 = 2/3, σ2 = σ3 = 1/6, shares [80, 20, 20].
Game 2 uses the following explicit modifiers:

1 2 3
1 - 1 1
2 0.99 - 1
3 0.99 1 -

α indices based on the f × intensity function:
α1 = 0.6016, α2 = α3 = 0.1992

Fuad Aleskerov, Alexis Belianin, Kirill Pogorelskiy Power and preferences: an experimental approach
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Results:V–2 games

Average contributions by periods, V-2 games
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Summary of the V-2 games

All (N = 160) mean s.d. min max
player 1 84.29 24.99 0 120
player 2 19.76 20.97 0 70
player 3 13.56 18.42 0 60
Game V
player 1 81.90 24.76 0 119
player 2 22.56 23.40 0 70
player 3 15.53 19.99 0 60
Game 2
player 1 86.68 25.14 0 120
player 2 16.96 17.94 0 60
player 3 11.60 16.59 0 60

Fuad Aleskerov, Alexis Belianin, Kirill Pogorelskiy Power and preferences: an experimental approach
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Results: V–2 games

Player 1 (the veto player) gets even more than the Banzhaf index
predicts.

No significant difference across treatments.

Effects of greater negative modifiers might be larger.

Average number of offers in games V (2) — 5.94 (resp., 5.63).

Average decision time in games V (2) — 147 (resp., 141) seconds.
Timing of decisions requires further attention.

Fuad Aleskerov, Alexis Belianin, Kirill Pogorelskiy Power and preferences: an experimental approach
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Maya’s question: does smuggling and waiting in the V-game reflect the
fact that there are three players rather than 2 as in the ultimatum game,

Fuad Aleskerov, Alexis Belianin, Kirill Pogorelskiy Power and preferences: an experimental approach
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or is it about changing notion of generosity?

Games E–3 (Enlarged)

Game E: Again, 5 votes are required to reach an agreement

player# 1 2 3 4
votes 3 2 2 1

Winning coalitions W = {{1, 2}, {1, 3}, {1, 2, 3}, {1, 2, 4},
{1, 3, 4}, {2, 3, 4}, {1, 2, 3, 4}}. Banzhaf (and Shapley-Shubik):
β1 = 5/12, β2 = β3 = 3/12, β4 = 1/12, shares [50, 30, 30, 10].
Game 3 employs the following modifiers:

1 2 3 4
1 - 1 1 1
2 0.99 - 1 1
3 1 1 - 1
4 1 1 1 -

α indices based on the f × intensity function:
α1 = 0.5005, α2 = 0.1992, α3 = 0.2002, α4 = 0.1001
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The E–3 games

Average gains by periods, E-3 games
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Summary of the E-3 games

All (N = 160) mean s.d. min max
player 1 61.15 25.76 0 100
player 2 30.63 23.82 0 70
player 3 24.73 24.54 0 70
player 4 3.49 9.00 0 70
Game E
player 1 64.34 22.36 0 95
player 2 31.65 23.17 0 70
player 3 21.23 23.72 0 70
player 4 2.76 7.40 0 40
Game 3
player 1 57.95 28.47 0 100
player 2 29.59 24.48 0 70
player 3 28.23 24.90 0 65
player 4 4.21 10.33 0 70
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Summary of the E-3 games

In E-game player 1 gets systematically more than the Banzhaf
index prediction at the expense of player 4, while gains of players 2
and 3 are in line with the index, and are greater than in the V–2
treatment.

Player 3 gains a statistically significant increase in the average
payoff.

Thus, a small negative modifier towards player 1 indirectly
benefits player 3, (gain per session increases by 25%).

Frequency of coalitions {2, 3, 4} is ×2 higher in the 3–game than in
the E–game.

Means that players 2, realizing they do not like player 1, tend
to switch to a larger coalition, even though it is clearly more
difficult and may involve lowering one’s share of the pie (has to
be divided among 3 players instead of 2 ).
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Games F–4

Game F: 6 votes required to reach an agreement

player# 1 2 3 4
votes 3 3 2 2

Winning coalitions
W = {{1, 2}, {1, 2, 3}, {1, 2, 4}, {1, 3, 4}, {2, 3, 4}, {1, 2, 3, 4}}.
Banzhaf index is β1 = β2 = 1/3, β3 = β4 = 1/6, 1 and 2 get 40, 3 and 4
get 20 each.
Game 4 employs the following modifiers:

1 2 3 4
1 - 0.8 1 1.01
2 0.8 - 1 1.1
3 1 1 - 1
4 1 1 1 -

α indices based on f × intensity function:
α1 = 0.3107, α2 = 0.3583, α3 = α4 = 0.2002.
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The F–4 games

Average gains by periods, F-4 games
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Summary of the F–4 games

All (N = 160) mean s.d. min max
player 1 39.95 10.97 17.55 63.75
player 2 44.32 9.68 15.81 62.25
player 3 15.24 5.75 5.88 32.50
player 4 15.35 5.87 5.63 31.88
Game F
player 1 48.43 6.34 39.38 63.75
player 2 45.97 10.02 25.00 62.25
player 3 12.95 4.68 5.88 22.88
player 4 12.66 4.95 5.63 22.88
Game 4
player 1 31.48 7.46 17.55 41.66
player 2 42.67 9.30 15.81 55.80
player 3 17.53 5.90 7.50 32.50
player 4 18.04 5.58 7.50 31.88
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Results: F-4 games

’Large’ negative modifier of player 2 for player 1 significantly lowers
her earnings (48.43 vs 31.48).

On the contrast, player 2’s payoff does not change much.

Complex interaction of modifiers: high ’dislike’ modifiers of 0.8 tend
to hurt player 1 more than player 2 because player 2 more strongly
prefers larger coalitions.

We also investigated another explanation – that the psychological
features of the subjects’ characters essentially influence their
behaviour.
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Coalitional outcomes across treatments

coalitions � games S–1 games V–2 games
S-1 coalitions S 1 V-2 coalitions V 2

1&2 54 33 1&2 41 40
2&3 29 33 2&3 27 26
2&3 56 59 1&2&3 12 10

1&2&3 21 35 1 alone 0 1
other 0 0 none 0 3
total 160 160 total 80 80

coalitions � games E–3 games F–4 games
E-3 coalitions E 3 F-4 coalitions F 4

1&2 73 74 1&2 82 64
2&3 57 51 1&3&4 38 31

2&3&4 13 26 2&3&4 33 56
1&2&3 5 1 1&2&3 1 1
1&2&4 1 3 1&2&4 1 0
1&3&4 1 1 1&3 0 1

1&2&3&4 9 3 1&4 0 0
none 1 0 1&2&3&4 4 6
total 160 160 total 160 160
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Offers by roles, S-1 games

player observations mean std.dev
all coalitions

1 1155 35.46 28.86
2 1155 43.02 24.97
3 1155 41.51 27.12

{1,2} coalitions
1 196 61.74 7.48
2 196 58.25 7.48
3 196 0 0

{1,3} coalitions
1 166 59.88 10.47
2 166 0 0
3 166 60.12 10.47

{2,3} coalitions
1 274 0 0
2 274 59.26 4.51
3 274 60.73 4.51
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Offers by roles, F-4 games

player observations mean std.dev
all coalitions

1 1280 42.59 27.66
2 1280 46.01 25.82
3 1280 15.49 15.00
4 1280 15.53 15.25

{1,2} coalitions
1 580 60.26 3.72
2 580 59.75 3.72
3 580 0 0
4 580 0 0

{1,3,4} coalitions
1 276 60.65 10.30
2 276 0 0
3 276 29.83 5.17
4 276 29.52 5.41

{2,3,4} coalitions
1 356 0 0
2 356 61.73 8.08
3 356 29.01 4.42
4 356 29.26 4.61

Composition of the winning coalition explains over 90% of shares’ variations!

Fuad Aleskerov, Alexis Belianin, Kirill Pogorelskiy Power and preferences: an experimental approach



Outline Motivation Voting power Experiment Regularities Theoretical framework Further directions References

Typical bargaining process, S-games

x0 = 0, 0, 0
x1
1 = 100, 10, 10 (0 seconds, initial offer by player 1)

x2
3 = 65, 0, 55 (5 seconds, player 3 rejects offer by 1)

x3
2 = 0, 60, 60 (0 seconds, player 2 makes a better offer to player 3)

x4
3 = 0, 60, 60 (13 seconds, player 3 accepts offer by 2)

This bargaining process is intuitively clear, but qualitatively
different from the logic of most of the literature!
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Interpretation

An overwhelming majority of the outcomes result in minimal
winning coalitions.

Explicit modifiers are of secondary importance; by contrast, people
use simple heuristic strategies that are not captured by either
classical or generalized power indices (in their present formulation).

The best predictors for the model are players’ roles and the
composition of the winning coalition.

S-1 60-60 for all three winning coalitions
V-2 85-25 for the coalitions {1, 2} and {1, 3}, the rest

being ’noise’
E-3 70-50 for the {1, 2} and {1, 3} coalitions, and

50-50-20 for the {2, 3, 4} coalition.
F-4 60–60 for the {1, 2} coalition, and the 60–30–30 for

the {1, 3, 4} and {2, 3, 4} coalitions.

How can we describe this evidence?
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Stragegic incentives

1 2

3
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Key paradigms

Describe the behavior of players in a bargaining game in a
non-structured experiment (unlike most approaches, such as Baron
and Ferejohn, 1989; Eraslan, McLennan, 2006 or Drouvelis,
Montero, Sefton, 2009, we do not want to impose particular
bargaining protocol)

Theory of social situations: noncooperative game in search of a
cooperative solution (Greenberg, 1989; Monderer e.a., 1996; Chwe,
1998; Xue, 1999; Herning e.a., 2007).

Communication games: values for cooperative games constrained
on a graph (Myerson, 1977; van den Nouweland, 1993; Jackson and
Wolinsky, 1996; van den Brink, 2009; Gonzales-Aranguena e.a.,
2008)

The Nash programme: provide a noncooperative foundation for
cooperative games solution (Serrano, 2007).
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The Myerson value

g ∈ G is a nondirected graph in the set of N players

S/g = {{i : i and j are connected by g}|j ∈ S} be the coalition
constrained by g

The Myerson value is a function ψ : 2N × G → RN satisfying
Efficiency

∑
i∈S ψi (g) = v(S)

Fairness ψi (g ∪ i)− ψi (g) = ψj(g ∪ j)− ψj(g)

Myerson (1977) shows that the Myerson value is a unique function
satisfying Efficiency and Fairness (or Balanced contributions
property — Myerson, 1980); it coincides with the Shapley value if g
is a complete graph

Recently, Gonzales-Aranguena e.a. (2008) have extended the
Myerson value to directed graphs (digraphs).
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The process of strategic bargaining

Each offer and each voting changes the strategic situation.
Let X t

i be the set of strategies of player i at time t.
Example: Suppose there is an S-game, and player 1 has made an offer to
player 2. Then

X 1
1 = { wait till another offer (W), offer a different bid (O), wait if

2 accepts (E)}
X 1
2 = { wait till another offer (W), offer a different bid (O), accept

1’s offer (A)}
X 1
3 = { wait till another offer (W), offer a different bid (O)}

Assuming all offers are being made simultaneously, each player
anticipates random evolution of the graph, and chooses

x t∗
i = arg max

x t
i ∈X

t
i

u(x t
i ,Ex t∗

−i ),∀i , j , t

at each stage of the game
NB: this leads to unequal bargaining power at each stage
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Strategic Approach to Nonstructured Bargaining II

Assume the following axioms hold
Rationality No player ever makes an offer that gives her less than

she can get from any other existing offer
Efficiency

∑
i∈S ψi (g) = v(S)

Improvement No player can make an offer that worsens the stake of
any of the players in any minimal winning coalition.

Proposition: In an S–1 game with the Rationality, Efficiency and
Improvement axioms, the only noncooperative Nash equilibrium is
given by equal partitions within minimal coalitions.
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Conclusions

Explicit modifiers work in all treatments of the S–1 games, and
increase the payoff of player 3 by about 21%. Effects for the other
players are not significant.

Implicit modifiers in the S–games can be suppressed by centering
the players and other means.

Explicit modifiers (probably) do not work in the V–2 games.

The intensity of connections of other players to the given player i
(in some contexts) matters more for her payoff.

Explicit modifiers work in the enlarged treatments as well.

Negative modifiers significantly affect the frequency of the
respective coalitions in the E–games: players tend to switch to
a larger coalition comprising the players with neutral modifiers.

Modifiers of opposite nature interact in a complex manner.

Predictive power of the classical power indices is ambiguous: the
best explanatory variables are player role and winning coalitions.
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Q & A

The latest version of the paper can be downloaded from
http://epee.hse.ru/project

(the website of the Laboratory for Behavioral and Experimental
Economics, State University - Higher School of Economics)
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